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A mixing operator T for which (T, T 2 ) is not 

disjoint transitive 

Yunied Puig* 


Abstract 

Using a result from ergodic Ramsey theory, we answer a question 
posed by Bes, Martin, Peris and Shkarin by showing a mixing oper¬ 
ator T on a Hilbert space such that the tuple (T, T 2 ) is not disjoint 
transitive. 
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1 Introduction 

Let X be a separable topological vector space. Denote the set of bounded 
linear operators on X by £(X). From now on T is considered in £(X). An 
operator T is called hypercyclic provided that there exists a vector x £ X 
such that its orbit {T n x : n > 0} is dense in A" and x is called a hypercyclic 
vector for T. Hypercyclic operators are one of the most studied objects in 
linear dynamics, see |9j and [TJ for further information concerning concepts, 
results and a detailed account on this subject. More generally, a tuple of 
operators (Tj,...,T)v) is said to be disjoint hypercyclic (d-hypercydie for 
short) if 

is dense in X N for some vector x £ X. 

If X is an F-space, thanks to Birkhoff’s theorem |T], T is hypercyclic if 
and only if T is topologically transitive , i.e. for every non-empty open sets 
U, V of A", the return set N(U, V) := {n > 0 : T n (U) DV 7 ^ 0} is non-empty. 
If N(U, V ) is cohnite for every non-empty open sets U and V then T is said 
to be mixing. 
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The notion of disjoint transitivity, a strengthening of transitivity is de¬ 
fined as follows: a tuple of operators (Tj,..., T N ) is disjoint transitive ( d- 
transitive for short), if for any (TV + l)-tuple (Ui)^L 0 of non-empty open 
sets 


N Uu ...,u n ;Uo ■= {k > o : Tj~ k (Ui) O • • • O T^ k {U N ) O U 0 ± 0} 

is non-empty. In particular, if the set N Ui ^ ^ Un . Uq happens to be cofinite 
for any (N + l)-tuple (Ui)f =0 of non-empty open sets, then (Tj,...,T)v) 
is said to be disjoint mixing ( d-mixing for short). Connection between d- 
hypercyclicity and d-transitivity can be found in [6j. 

Bes, Martin, Peris and Shkarin [5| showed the following: if T is an oper¬ 
ator on X satisfying the Original Kitai Criterion, then the tuple (T,..., T r ) 
is d-mixing, for any r G N. As a consequence, any bilateral weighted shift 
T on Z P (Z), (1 < p < oo) or co(Z) is mixing if and only if (T,..., T r ) is d- 
mixing, for any r G N. Nevertheless, they remarked that this phenomenon 
does not occur beyond the weighted shift context, by providing an example 
of a mixing Hilbert space operator T so that (T, T 2 ) is not d-mixing. This 
result is a partial answer to the following question posed by the authors in 
the same paper [5]. 

Question 1.1. Does there exist a mixing continuous linear operator T on 
a separable Banach space, such that (T, T 2 ) is not d-transitive? 

Our aim is to give a positive answer to Question II . 1 1 (Theorem [L6l belowI . 

1.1 Preliminaries and main results 

Let ACN, \A\ stands for the cardinality of A. Let & be a set of subsets 
of N, we say that & is a family on Id provided (I.) |H| = oo for any 
and (II.) A C B implies B e &, for any A e &. From now on & will be a 
family on Id. 

In a natural way we generalize the notion of disjoint transitivity by in¬ 
troducing what we call dX-disjoint transitivity (or d-& for short). 

Definition 1.2. The tuple of sequence of operators (T ijTlfc ,..., T NtUk )k is 
said to be d-& if for any ( N + l)-tuple (Ui)f =Q of non-empty open sets we 
have 

{k > o : TrX( V) n-.-nn u 0 / 0} e 

In particular, if T t nk = Tf, for any k G N, 1 < i < N in the above definition, 
then the TV-tuple of operators (Ti,..., T N ) is said to be d-^X. 

Observe that in particular whenever & is the family of non-empty sets or 
the family of cofinite sets, we obtain the notion of disjoint transitivity and 
disjoint mixing respectively. On the other hand, if IV = 1 we obtain the &- 
transitivity notion. More specifically, an operator T is called dX-transitive 
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operator (or &-operator for short) whenever the set N(U,V ) := {n > 0 : 
T n (U ) fl V 7 ^ 0} is in &. This notion was introduced and studied in [ 8 ]. 

Recall that an operator T is said to be chaotic if it is hypercyclic and 
has a dense set of periodic points (x £ X is a periodic point of T if T k x = x 
for some k > 1 ). 

An operator T is said to be reiteratively hypercyclic if there exists x £ X 
such that for any non-empty open set U in A", the set N(x,U) = {n > 
0 : T n x £ U} has positive upper Banach density, where the upper Banach 
density of a set A C N is given by 

Bd(A ) = lim —, 

s —>oo s 

and a s = lim sup hco \A fl [k + 1, k + s]|, for any s > 1. Reiteratively hyper¬ 
cyclic operators have been studied in p] and ra- 

It is known that there exists a reiteratively hypercyclic operator which is 
not chaotic, see [Tj. However, concerning the converse we have the following 
result due to Menet. 

Theorem 1.3. Theorem 1.1 /IT]/ Any chaotic operator is reiteratively hy¬ 
percyclic. 

Recall that a set A C N is syndetic set if A has bounded gaps, i.e. if A is 
enumerated increasingly as (x n ) n = A, then max n x n+ i — x n < M , for some 
M > 0. 

In [5] , the authors show that there exists a mixing operator T on a Hilbert 
space such that (T, T 2 ) is not d-mixing. We show that the same operator 
satisfies more specific properties. 

Theorem 1.4. There exists T £ £(/ 2 ) such that T is mixing, chaotic and 
(T, T 2 ) is not d-syndetic. 

So, our result improves the result of [5] already mentioned but still does 
not answer Question 11.11 In answering the question, we will see Szemeredi’s 
famous theorem unexpectedly playing an important role. Indeed, using a 
result of ergodic Ramsey theory due to Bergelson and McCutcheon [3], 
which is in fact a kind of Szemeredi’s theorem for generalized polynomials 
we obtain the following result. 

Theorem 1.5. IfT is reiteratively hypercyclic then (T,..., T r ) is d-syndetic 
or not d-transitive, for any r £ N. 

Now, by Theorem II.31 Theorem 11.41 and Theorem 1 1.51 we can deduce our 
main result which gives a positive answer to Question 11.11 

Theorem 1.6. There exists a mixing and chaotic operator T in £(/ 2 ) such 
that (T, T 2 ) is not d-transitive. 
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Proof of Theorem 


1.6 


As already mentioned, in order to prove Theorem 11.61 it is enough to 
prove Theorem 11.41 and Theorem 11.51 


2.1 Proof of Theorem 11.41 

In Theorem 3.8 [5] the authors show an example of a mixing Hilbert 
space operator T such that (T, T 2 ) is not d-mixing. We will show that in 
addition T is chaotic and (T, T 2 ) is not Asyndetic. So in particular it is 
not d-mixing. We follow exactly the same sketch of proof of Theorem 3.8 
[5] introducing minor modifications for our convenience. Nevertheless we 
describe here all the details for the sake of completeness. 

Let 1 < p < oo, — oo < a < b < +oo and fceN. Recall that the Sobolev 
space W k,p [a, b] is the space of functions / G C k ~ 1 [a,b] such that is 

absolutely continuous and / ^ G L p [a , b\. The space W k,p [a : b\ endowed with 
the norm 

\\f\\w^p[a,b] = ( [ {j2\-f 0) ^\ P ) dx ) ^ 

Ja 3=0 

is a Banach space isomorphic to L p [0,1]. Now, W k ’ 2 [a,b] is a separable 
infinite-dimensional Hilbert space for each k G N. The family of operators 
to be considered lives on separable complex Hilbert spaces and is built from 
a single operator. Let M G £(fF 2,2 [—7r, 7r]) be defined by the formula 

M : W 2 ’ 2 [-tt, t r] —>• W 2 ’ 2 [-tt, tt], Mf(x ) = e ix f(x). (2.1) 

Denote Jt? = VP 2,2 [—7r, 7 t] and M* the dual operator. Then, M* G 
For each t G [—7r,7r],5 t G Jf?*, where S t : Jrf? —> C = /(f). Fur¬ 
thermore, the map f —^ St from [—7r, 7 t] to Jtf* is norm-continuous. For a 
non-empty compact subset K of [—7r,7r], denote 

Xk = span{5 t : t G A'} 

where the closure of span{5 t : f G A'} is taken with respect to the norm of 

Now, the functionals 5 t are linearly independent, X K is always a separa¬ 
ble Hilbert space and AT is infinite dimensional if and only if K is infinite. 
The following condition holds 

M*8 t = e lt 8t, for each f G [—7T, 7t] . 

Hence, each X K is an invariant subspace for M*, which allows us to consider 
the operator 

Qk G L(Xk), Q k = M*\ Xk . 

The following is taken from |5j and tells us when Qk is mixing or non¬ 
transitive, we omit the proof. 
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Proposition 2.1. Proposition 3.9 

Let K be a non-empty compact subset of [—7r, 7t] . If K has no isolated 
points, then Qk is mixing. If K has an isolated point, the Qk is non¬ 
transitive. 


Now, consider the set 

OO 

A'={^2«„.^ r :£6{0,l} N }, (2.2) 

n= 1 


then the operator Qk E JL(Xk) is the one pointed out in [5] to be mixing 
such that (Qk, Q 2 k ) i s not d-rnixing. In addition, we show that Qk is chaotic 
and that (Qk, Q 2 k) i s not d-syndetic. This is the content of the next results. 

Lemma 2.2. Let K be the compact subset of [— 7r,7r] defined in H2.2 1) . then 
Qk is chaotic. 


Proof. The operator Qk is mixing by Proposition 12.11 hence it remains to 
show that it has a dense set of periodic points. Denote by Pcv(Qk) the set 
of periodic points of Qk- 

We would like to recall that Q\St = e mt 8 t , for any n G Z + and t G K , 
the details can be found in the proof of Proposition 3.9 |5j. 

Consider the set A — j l 27re n /2 6n : e G {0, l}! 1 ’-:*}, k G N j. 

Observe that 27re n /2 6 ” = 27cm/2 6k , for some m and any e G 

{0, 1 }P’ -’O. So, clearly : t G A} C Per(Q^). Moreover, if r\ = 2i\m\j2 


6 7 * 1 


A,r 2 = 27rm 2 /2 6 ’ 12 G A, then Q 


2 6 n l 2 6 n 2 
K 


((X\S ri T ci. 2 1 r <2J — CY\8 ri T ot 2 <5f2 f° r 


any «i, a 2 G C, so span{8 t : t G A} C Per(QK )■ 

On the other hand, since A is dense in K , we deduce that {St : t E A} = 
{S t : t E K}. Indeed, for any r G Ji there exists a sequence (r n ) n C A such 
that r n tends to r. Hence, ||d r — 5 rn || = sup||yii =1 1 f(r) — f(r n )\ tends to 0. 

Hence, Xk = span{S t : t E K} — span{S t : t E A} = span{S t : t E A} C 
Per(QK )• So, Per(Qx) is dense in Xk- □ 


The set A C N is thick if A contains arbitrarily long intervals, i.e. for 
every L > 0 there exists n > 1 such that {n, n + 1,..., n + T} C A. 

Now, in order to obtain a mixing operator T such that (T, T 2 ) is not d- 
syndetic, it will be enough to show that the sequence of operators (2 Qff — 
Q 2 K n ) n is non-transitive along a thick set A = (a n ). We have the following 
result. 


Proposition 2.3. Let K be the compact subset of [— tt, n\ defined in K2.2\) , 
then the sequence (2Q k ff’ r — QK n ’ r ) neN 0<r<n °f continuous linear operators 
on Xk is non-transitive, where k n r = 2 6 ” — r with 0 < r < n, n E N. 

Now we are in position to prove Theorem 11.41 
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We adopt the same sketch of proof of Theorem 3.8 [5], still we expose 
here all the details. We need to show a mixing and chaotic operator T such 
that (T, T 2 ) is not d-syndetic. 

Let K be the compact set defined in (12.21) . By Proposition ^. H and Lemma 
12.21 Qx is mixing and chaotic operator on the separable infinite dimensional 
Hilbert space Xk- On the other hand, by Proposition 12.31 (2 Q°£ — Q^ n )„ gN 
is non-transitive for some thick set A written increasingly as A = ( a n ) n . 
Hence, there exists non-empty open sets U,V in Xj< such that (2 Q a g — 
Q 2 R n ) (U) fl V = 0, for any n G N. In other words, 

{n G N : (2 Q\ - Q%){U) n V ± 0} n A = 0, 

i.e. the set [n G N : (2 Q\ — Q 2 k)(U ) fl V ^ 0} cannot be syndetic. In 
particular, (Qk, Qk ) i s n °t d-syndetic. Indeed, pick a non-empty open set 
Vo such that 2Vo — Vo C V (denote B(x\r ) the open ball centered at x in 
X K with radius r. Pick x G X K ,r G M + such that B(x;r ) C V, then set 
Vo := B(x;r/ 3)). Hence, 

{n G N : UnQx n (V 0 )nQ- K 2n (V 0 ) ± 0} C {n G N : ( 2Q n K -Q%)(U)nV ± 0}. 

Consequently, {n G N : U fl Q^ n (Vo) fl Q~x n {\ o) 7^ 0} cannot be a syndetic 
set and then (Qk,Q‘k) is not d-syndetic. Since all separable infinite dimen¬ 
sional Hilbert spaces are isomorphic to l 2 , there is a mixing and chaotic 
T G £(7 2 ) such that (T,T 2 ) is not d-syndetic. This concludes the proof of 
Theorem o 

In order to close this subsection, we need to prove Proposition 12.31 which 
follows exactly the same sketch of proof of Proposition 3.10 |5j, except that 
instead of using Lemma A.3 [5J as the authors of [5J did, we just use Lemma 
12.61 (below) in an analogous way. So it suffices to give the proof of Lemma 

EU 

Now, in order to prove Lemma [2761 we need to quote another two lemmas 
proved in [5] that we state without proof. 

Lemma 2.4. Lemma A.l m 

Let f G VP 2,2 [—7T, 7r], / (—7r) = /(tt), /'( —tt) = fin),Co = ||/|| £«[-*,*] 
and ci = ||/ ,, ||z,a [ _ W)W ]. Then \\f\\ W 2 { _^ i7r] < ^3 cf + c$. 

Lemma 2.5. Lemma A.2 m 

Let —oo < a < /3 < oo and a 0 ,ai,b 0 ,bi G C. Then there exists f G 
C 2 [a,/3] such that 

f(a) = a 0 , f\a) = ai, f(P) = bo, f\f3 ) = b u 
II /1| l°°[q,/ 3] < |oo + bo\ /2 + I do — bo\ /2 + (f3 — a)(|di| + |6i|)/5, 

II <•//11 2 ^ 24|d 0 -& 0 | 2 : 12 • (|di| 2 + |&i| 2 ) 

\\J \\m-la,p] - (p_ a y + P_ a 
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ik n ,rX ^ 2 ik n ,r% 

2tt 


Lemma 2.6. There exists a sequence (/ 2 s™- r )neN,o<r<n of 2 tt- periodic func¬ 
tions onR such that f 2 G W 2,2 [—n, n\, the sequence (||/a 6 ”—rII w 2 ’ 2 [-tt,it]) 1 

is bounded and f 2 6™_ r (x) = 2e^ 2 * 5 _r ^ — e 2 *^ 6 -r ) x whenever |x — ^|??| < 

2/(2 6 ") 5 , for some me Z and every n € N, 0 < r < n. 

Proof. We obtain the proof of this lemma doing convenient slight modifica¬ 
tions in the proof of Lemma A.3 [5]. 

For n G N, 0 < r < n, let k n , r = 2 6 " — r and h knr = 2e' 

Note that h knr is periodic with period 2n/k n>r . Let also a n , r = ^ n ) 5 ~ W* 
and /3 n:r = —2/(2 6 ") 5 . By Lemma 12.51 there is g k e C 2 [a njr , /3„ jr ] such 
that 

9wW = h„r(2/(2 e y), 9 Vr (A., r ) = ft V r(-2/(2 6 ”) 5 ), 

<.(0 = 2/(2«") 5 ), slL,(A.,r) = ftL„(-2/(2 6 ") 5 ), (2.3) 

IlSfcJUs . <max{|fc t „ > ,(2/(2«"»|,|V r (-2/(2'"«|} 

l“n,r jPn,rJ 1 1 1 1 

+ ( ft^(2/(2«") 5 ) + /4„,(-2/(2»") 5 ) ), 


(2.4) 


119 


// || 2 

kn,r 11Z/? o -i 
L Q! to, 7 * >Pn,rJ 


< 


24|ftfc,,(2/(2«") 5 )-/ IV ,(-2/(2 


6”\5\I 2 


(A 


n,r ^n,r 


12 


fcfe. P ( 2/(2 6 ”) s ) + /y,(-2/(2«") 5 ) 


(2.5) 

(An,r OLn,r) 

The equalities (12.31) imply that there is a unique f kn e U 1 (R) such that 
f kn ,r is periodic with period 2 tt/2 6 A f kn r \ [a ^ M = g kn r and /w I [/W , an , r+ 2V2H 

h k ■ 

<^n,r 

Periodicity of f kn r with period 2vr/2 6n and the equality f kn r \ = 

h knr imply that f knr (x) = 2e^ 2<5 _r ^ — e 2 *^ 6 ~ r ^ x whenever |x — < 

2/(2 6 ") 5 , for every rn e Z with |2m| < 2 6 " and every n e N, 0 < r < n. 
Since f knr is piecewise C 2 , f k . 


' n > r I [—7T,7r] 


G IU 2,2 [—7T, 7r]. It remains to verify 


that the sequence (||/fc„, r llm 2 ’ 2 !-^^])^ r is bounded. 

Using the inequality \e lt — e ls \ < \t — s| for i,s6l, we have 

/C(2/(2 6 T)| = 2/(2 6 ") 5 )| < 2(2 6 " — r) 2 • 2/(2 6 ") 5 . 

Hence by (12.41) . 


H/wlUrS ^ ,<3 + 5 

)Pn,rJ 


-1, 


2vr 


4 . (2 6 ” — r) 2 

■ )-8 < 9. 


Since \\h knr \\ D 


[Pn,r y a n,r + 2 ^/ 2 ® ] 

11 f kn.r 11 Zv 


26 n ^2 6n ) 5/ (2 6n ) 5 

< 3 and f kn r is 27r/2 6 "-periodic, we obtain, 

< max{3, 9} = 9. (2.6) 


— 7T,7r] 
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Next, 


K,(2/(2 6 ") 5 ) - V,(-2/(2 6 ") 5 )| = 


2 e 


*( 2f> r ) (2 6")5 _ *( 26 r )(26«, ) 5 N \ _ f r )(56^5 _ 2 *( 26 r ) (26«)5 


(- 2 ) 


4 sin( 2 .Cz 4 U 2 sinf 4 .( 26 ''- r ) 


( 2 1 


6M5 


4 sin 2 ■ 


( 2 6 " 


16 sin 3 


( 2 6 ") 5 
(2 6 " - r) 


1 — cos (2 • 


( 2 6 ") 5 
(2 0n - r) 


(2 


6 n, \5 


COS 


( 2 6")S 

(2 6 " - r) 
“(2 


, < 

6”^ J ~ 


m ^lY< 16 


( 2 ' 


6M5 


— (O en ^ 12 ' 


On the other hand, 


hL,(2/(2 6 “) 5 ) + h' r (-2/(2«") 5 ) 


32 

(2 6 ' 1 ) 6 


(/3n,r Q?n,r) 

32 


32 

— “2^" 


(2 6 " —r) 4 
(2 6 ") 10 


4 < 


(2 6 ' 1 ) 5 


< 


32 


< 


16 


^ 2 tt ( 2 6 ")5 - 4 • 2 6?i - 2 vr ( 2^)5 - 4 ( 2 6 ™) 5 “ ( 2 6 ") 5 ' 

Hence by (12.51) . 

WfUh < 24 . . ( ^ )2 , j +12 16 


[ a n,ri/^n,r] 


2tt 4 

26 *- ( 2 6' 1 )5 


( 2 6-) 


- < 

5 — 


16 2 • (2 6 ")- 24 
24-^+ 12 

/ _2tt__4 

l 2^ n 2 gn 


(2 


i^< 

6M5 — 


24 • 16 2 12-16 960 


Since 


8 • (2 6 ") 21 (2 6 ") 5 “ (2 6n ) 5 ' 
h'l (x) < 6(fc n;r ) 2 for x G [/9„ !r , a n! r + 27T/2 6 "] we have, 


< 


144 


Wfk II i* < 36 -( 2 b - r ) 4 . 

"' r V,r,an,r+2V2 6n ] “ (2 6 ") 5 “ 2 6 


ll/fc' III 2 


960 144 1104 

< --— H-< 


K, 


r ,c„, r+ 2./ 2 6»] - ( 26")5 26 " - 26 " 


Hence, 
















































Since ff nr is 27r/2 6 "-periodic then 

WflrWh , - 26 " • W f U\h gn “ 1104 - 

[ 7r ) 7r ] [&n,r 5 Q: n,r+ 27 r/ 2 ® ] 

Now, by Lemma 12.41 and using (12. 7p and (12.61) we obtain 
l\fk n Jw^[-,,n] < V3-1104 + 9 2 <64, 
for each n G N, 0 < r < n. 


(2.7) 


□ 


2.2 Proof of Theorem 11.5 

The main ingredient of the proof of Theorem 11.51 is a result due to 
Bergelson and McCutcheon concerning essential idempotents of /3N (the 
Stone-Cech compactihcation of N), and Szemeredi’s theorem for general¬ 
ized polynomials (3]. So, we need first some background on /3N. 

Recall that a filter is a family that is invariant by finite intersections, 
i.e. AAA is a family such that for any A G AF ,B G AF implies A fl B G AF. 
The collection of all maximal Liters (in the sense of inclusion) is denoted by 
/3N. Elements of /3N are known as ultrafilters ; endowed with an appropiate 
topology, fiN becomes the Stone-Cech Compactihcation of N. Each point 
i G N is identihed with a principal ultrafilter if := {A C N : i G A} in 
order to obtain an embedding of N into /3N. For any ACN and p G fiN, 
the closure of A, clA in /3N is defined as follows, p G clA if and only if A G p. 
Given p,g G fiN and ACN, the operation (N, +) can be extended to fiN 
in such a way as to make (/3N, +) a compact right topological semigroup. 
The extended operation can be defined as A G p + q if and only if {n G N : 
—n + A G q} G p. Now, according to a famous theorem of Ellis, idempotents 
(with respect to +) exist. Let E(N) = {pG /3N : p = p+p} be the collection 
of idempotents in {3N. For further details see Pi- Given a family the 
dual family consists of all sets A such that AnF ^ 0, for every F G & . 
The following is a well-known result. 

Lemma 2.7. (1) If ^ is an ultrafilter, then &* = 

(2) If ^ — U Qt f a , then AF* = n a ^*. 

In particular, whenever AF is a union of some collection of ultrafilters, 
then AF* is the intersection of the same collection of ultrafilters. 

The collection of essential idempotents is commonly referred to in the 
literature as D. 

The collection T> (of ZA-sets) is the union of all idempotents p G ft N such 
that every member of p has positive upper Banach density. Accordingly, T>* 
is the intersection of all such idempotents. 

The following is a result of ergodic Ramsey theory due to Bergelson and 
McCutcheon [3j. It is indeed a sort of Szemeredi’s theorem stated originally 
for generalized polynomials and it will be crucial for proving Theorem 11.51 


9 













Theorem 2.8. Theorem 1.25 JBJ Let F C N have positive upper Banach 
density and g \..., g r be polynomials, then 

| keN: Wl(F n (F - g x (k)) n ■ ■ ■ n (F- g r (k ))) > o} G V*. 

We can now prove Theorem 11.51 

Fix r G N. Let T be reiteratively hypercyclic, then there exists x G X 
such that Bd(N{x, U)) > 0, for any non-empty open set U in X. First, let 
us see that 

N t ( U, . , U \ U) = {k > 0 : T~ k U n • • • D T~ rk U n U ± 0} G V* (2.8) 

r 

for any non-empty open set U in A". Let U non-empty open set, then 
A v := {k > 0 : Bd(N(x, U) n (N(x, U) - k) n • • • n (N(x, U ) - rfc)) > 0} 

c [k > o : T~ k u n • • ■ n T~ rk u n u ± 0}. 

In fact, let k G Ajj, then there exists a set A with positive upper Banach 
density such that for any n G A it holds T n+tk x G U , for any i G {0,..., r}. 
Consequently, T n x G T~ k U fl • • • fl T~ rk U fl U. Now, by Theorem 12.81 it 
follows that Ajj G T>*. Thus condition (12.81) holds. 

Next, let (Uj) r j=0 be a hnite sequence of non-empty open sets in X. Now, 
suppose that (T,..., T r ) is d-transitive, we must show that Nt(U \,..., U r \ Uq) 
is a syndetic set. In fact, there exists n G N such that 

v n := T~ n Ui n • • • n T~ rn u r n u 0 ± 0. 

Thus V n is open, then pick 0\, O 2 non-empty open sets such that 0± + O 2 C 
V n , then 

+ 0 2 ) C Uj, for any j G {0,..., r}. (2.9) 

It is known that D* is a filter. Now, by (12.8j) we have 

A := Nt( Oi, ■.., Op , Oi) ft Nt( Q2, ■ ■ ■ ; O 2 ) O 2 ) G D*. 

r r 

In addition, it is well known that each set in T>* is indeed syndetic [4j. 
Hence, A is syndetic. Let us show that A + nC jV(C/i,..., U r \ Uq), then we 
are done because A + n is syndetic, since the collection of syndetic sets is 
shift invariant. 

In fact, let t G A + n, then t — n G A, which means 

T-‘T n (o 1 ) n • • ■ n T~ rt T rn {0 1 ) n o x + 0 
T~ t T n (c> 2 ) n • ■ ■ n T~ rt T rn (o 2 ) n o 2 ± 0. 

By the linearity of T we obtain 

T~ f (r n (Oi + o 2 )) n • • • n + o 2 )) n {o x + o 2 ) ± 0. 

Then we conclude by (12.91) . i.e. 

T-'ih n • • ■ n T~ rt u r n u 0 ± 0. 

This concludes the proof of Theorem 11.51 
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3 Tuple of powers of a weighted shift 

In linear dynamics recurrence properties are frequently studied first in 
the context of weighted backward shifts. 

Each bilateral bounded weight w = (wk)kez, induces a bilateral weighted 
backward shift B w on A" = c 0 (Z) or l p ( Z)(l < p < oo), given by B w ek ■— 
Wk^k-i, where (eifjkez denotes the canonical basis of A". 

Analogously, each unilateral bounded weight w = (w n ) ne z+ induces a 
unilateral weighted backward shift B w on X = Co(Z + ) or l p ( Z + )(l < p < oo), 
given by B w e n := w n e n _\,n > 1 with B w e 0 := 0, where ( e n ) ne z+ denotes 
the canonical basis of X. 

As previously mentioned, the authors of [5] proved that for any weighted 
shift B w , the following holds: B w is mixing if and only if (B w ,..., B^) is 
d-mixing for any r G N. The aim of this section is to show that this result 
extends to those families on N frequently studied in Ramsey theory. 

Let us summarize some families commonly used in Ramsey theory. 

• J = (A C N : A is infinite}; 

• A = (A C N : B — B C A, for some infinite set B }; 

• TP = {A C N : 3{x n ) n C N, ^2 neF x n G A, for any hnite set F }; 

• The set A is piecewise syndetic (A G IPS for short) if A can be written 
as the intersection of a thick and a syndetic set. 

It is known that J*(family of cofinite sets), A*, JfP* and IPS* are filters. In 
addition, T ^ A* F C § and T ^ IPS* ^ S, where S denote the family 
of syndetic sets. For a rich source on this subject we refer the reader to |10j . 
The main result of this section is the following. 

Theorem 3.1. Let & be the family A*, TCP*, CPS* or S then for any r G N 
the following are equivalent: 

(i) T is an JF-operator; 

(ii) T © ■ ■ • © T r is an -operator on X r . 

In particular, a bilateral (unilateral) weighted backward shift B w on cq or 
l p ( 1 < p < oo) is an IF-operator if and only if (B w , ..., B r w ) is d-IF. 

Remark 3.2. Obviously, mixing operators are A*-operators, but the con¬ 
verse is not true as exhibited in [8J and the example is a weighted shift. 
Therefore, the conclusion of Theorem 13.11 concerning weighted shifts does 
not necessarily follows from the statement: B w is mixing if and only if 
(B w ,..., B^f) is d-mixing, for any r G N, shown in [5]. 

In order to prove Theorem 13.11 we will need the following results. 

Recall that any tuple of powers of a fixed backward weighted shift on 
Co or l p is d-transitive if and only if it is d-hypercyclic. This follows by 
Theorem 2.7 [6j and Theorem 4.1 |6j. Now, combining Theorem 4.1 [6] and 
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Theorem 2.5 [13] in its bilateral (unilateral) version, we obtain the following 
two propositions below. 


Proposition 3.3. Let X = co(Z) or l p ( Z)(l < p < oo),w 
bounded bilateral weight sequence, SP a filter on N and r 0 = 

• • • < r^, then the following are equivalent: 

(i) (B(f ,..., B r w N ) is d-&, 

(ii) ®o<s<i<nBw is Sr-operator on X 2 ; 

(in) for any M > 0, j G Z and 0 < s < l < N it holds 


(^j)jr'EZ ® 

0 < 1 < r 1 < 


j+m(ri~r s ) 

jm G N : \wi\ > M j G &, 

i=j +1 

1 

j I 

i=j-m(ri-r s )+1 

Proposition 3.4. Let X = c 0 (Z + ) or / P (Z + )(1 < p < oo),w = (w n ) ne z + a 
bounded unilateral weight sequence, LF a filter on N and r 0 = 0 < 1 < r\ < 

■ ■ ■ < rjv, then the following are equivalent: 

(i) ( B(f,...,B r w N ) is d-&, 

, lr,—r \ ~ N(N+1) 

(H) ®o< s <i<nBw is LX-operator on X 2 ? 

(in) for any M > 0, j G Z + and 0 < s < l < N it holds 

j+m(ri—r s ) 

jm G N : \wi\ > M j G &. 

i=j +1 

The following results of Ramsey theory concern the preservation of cer¬ 
tain notions of largeness in products. 

Proposition 3.5. Corollary 2.3 m Let l G N and I be a subsemigroup of 
N l , 

a) if B is an IP* set in N, then B l D / is an IP* set in I 

b) if B is an A* set in N, then B l n / is an A* set in I. 

Proposition 3.6. Corollary 2.7 JB/ Let l G N and I be a subsemigroup of 

N l , 

a) if B is an PS* set in then B l (11 is an PS* set in I. 

We are now finally able to prove Theorem 13.11 
Proof of Theorem 13.11 

If T © • • ■ © T r is ^"-operator on X r for some r G N, obviously T is 
^"-operator. Conversely, let T an ^"-operator, r G N and U, V non-empty 
open sets, we need to show that N(U, V ) G tJF, for any t — 1,..., r. 
Denote, 



m G N : 


n 


A = {m, 2m,..., rm : m G N} D {N(U, V) x ■ • • x N(U, V)). (3.1) 

'-v-" 

r—times 
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By Proposition 13.51 we have that if N(U, V ) is IP *-set (A*-set) in N, then 
A is IP*-set (A*-set) in {m, 2 m, ..., rm : m G N}. Analogously, by Propo¬ 
sition [3761 we have that if N(U,V) is PS*- set in N, then A is PS*- set in 
{m, 2m,..., rm : m G N}. 

Denote the projection onto the i-th coordinate. It is not difficult to 
see that R^A) e ^i f° r ^ = A*, 37*, IPS*. Then, (13.11) is equivalent to say 

B = {m G N : tm G N(U, V )} G 


for any t — 1,..., r. 

Hence, tB C N(U,V ) and B G Then N(U,V ) G t& for any t = 
1,..., r. Since SP = A*, 17 *, IPS*; it is a filter, then it is not difficult to see 
that T © • • • © T r is indeed an ^"-operator on X r . 

If B w is a weighted shift on c 0 or l p and & = A*, 17*, IPS*; by Propo¬ 
sition 13.31 (Proposition 13.4p . we have B w is an ^"-operator if and only if 
(B w ,..., B r w ) is d-I? for any r G N. 

Finally, let & be the family of syndetic sets. Just recall that T is syndetic 
operator if and only if T is IPS*-operator [8j. Hence T is syndetic operator 
if and only if T © ■ • • © T r is (PS*-operator on X r for any r G N. If B w is 
a weighted shift then B w is syndetic operator if and only if (B w ,..., B r w ) is 
d- IPS* for any r G N. This concludes the proof of Theorem 13.11 


References 

[1] F. Bayart and E. Matheron. Dynamics of linear operators. Cambridge 
Tracts in Mathematics, 179. Cambridge University Press, Cambridge 
(2009). 

[2] V. Bergelson and N. Hindman. Partition regular structures contained 
in large sets are abundant. J. Combin. Theory Ser. A 93 (2001), no.l, 
18-36. 

[3] V. Bergelson and R. McCutcheon. Idempotent ultrafilters, multiple weak 
mixing and Szemeredi’s theorem for generalized polynomials. J. Anal. 
Math. Ill (2010), 77-130. 

[4] V. Bergelson, T. Downarowicz. Large sets of integers and hierarchy 
of mixing properties of measure preserving systems. Colloq. Math. 110 
(2008), no. 1, 117-150. 

[5] J. Bes, O. Martin, A. Peris and S. Shkarin. Disjoint mixing operators. 
J. Funct. Anal. 263 (2012), no. 5, 1283-1322. 

[6] J. Bes, A. Peris. Disjointness in hypercyclicity. J. Math. Anal. Appl. 
336 (2007), 297-315. 


13 







[7] J. Bes, Q. Menet, A. Peris and Y. Puig. Recurrence properties of hyper- 
cyclic operators. Math. Ann., to appear. doi:10.1007/s00208-015-1336- 
3. 

[8] J. Bes, Q. Menet, A. Peris and Y. Puig. Strong transitivity properties 
for operators. Preprint. 

[9] K.-G. Grosse-Erdmann and A. Peris. Linear chaos. Universitext. 
Springer, London, 2011. 

[10] N. Hindman and D. Strauss. Algebra in the Stone-Cech compactifi- 
cation. Theory and applications. Expositions in Mathematics, 27. De 
Gruyter, Berlin (1998). 

[11] Q. Menet. Linear chaos and frequent hypercyclicity. Trans. Amer. 
Math. Soc., to appear. doi:10.1090/tran/6808. 

[12] Y. Puig. Linear dynamics and recurrence properties defined via essen¬ 
tial idempotents of BN. Ergodic Theory Dynam. Systems, to appear, 
doi: 10.1017/etds.2016.34. 

[13] H. N. Salas. Hypercyclic weighted shifts. Trans. Amer. Math. Soc. 347 
(1995), no. 3, 993-1004. 


14 



